questions, necessary and sufficient conditions are proved, thus characterizing at the same time families of separable and entangled states of n qubit systems. These conditions bear some relation with entanglement measures, and a number of more refined questions about separability in n qubit systems can be studied on the basis of these results.
INTRODUCTION
Most major results in quantum information processing and communication do rely upon quantum entanglement as their key ingredient: quantum dense coding [1] and teleportation [2] , quantum algorithms [3] - [7] , quantum cryptography [8] , multiparty quantum computation [9] [10] . For historical and foundational reasons, which date back to the controversy raised by Einstein, Podolsky and Rosen in 1935 [11] , followed in 1964 by Bell's inequalities [12] and their violations in 1982 [13] , entanglement has been most extensively studied in the simplest situation where it may occur, namely within quantum systems composed of two two-level subsystems. However, compared with the abundant literature about entanglement in two qubit systems (see for example [14] - [16] and the papers they refer to), there still are rather few in depth and detailed studies of more general situations, where more than two subsystems may be entangled. A physicist's reason is, certainly, the extreme difficulty in preparing and maintaining entangled states of more than two quantum subsystems. Because of this, research in quantum information processing and communication is sometimes considered optimistic.
This paper is on the optimistic side: entanglement is studied within systems composed of n qubits, with n ≥ 2 . A few other recent papers, among them [17] [18], deal with similar situations. Some of the results in [17] will be commented upon later because they are not unrelated with the results presented in this paper. 
Clearly, full separability implies p-q separability, but the converse is not true, since p-q separability does not tell anything about the separability properties of the subsystems, i.e. about the presence or absence of entanglement within each of the separated subsystems. It is also useful to notice that p-q separability relies on a proper ordering among the qubits: if the n qubits are numbered from 0 to n − 1 , ψ P is indeed the state of the subsystem composed of the qubits numbered from 0 to p − 1 , whereas ψ Q is the state of the subsystem composed of qubits p to n − 1 . As a consequence a reordering among the qubits will in general be required for p-q separability to appear provided that ψ N , as modified after reordering the qubits, is indeed p-q separable.
Both full separability and p-q separability are invariant under unitary operations local to any of the subsystems represented by their states as written in the tensor product. In [17] , entanglement and separability are studied by making explicit the consequences of such invariance properties: this is done first in the case of systems composed of two N-dimensional subsystems, then in the case of systems composed of three N-dimensional subsystems, after which a generalization to M Ndimensional subsystems is briefly presented. The approach taken here is different, although the questions addressed are quite close. Two questions are answered, both about ψ N , i.e. starting as initial data with the raw knowledge of the 2 n amplitudes of a pure state:
• Is ψ N fully separable?
• Given p and q, is ψ N p-q separable?
The first question is treated in part 2 of the paper and the second question in part 3. In both cases, necessary and sufficient conditions are proved according to which ψ N is indeed (fully, p-q)
separable. The negations of these conditions thus also characterize corresponding families of entangled states. The last section of the paper draws attention to more refined questions which are worth studying further on the basis of these results about separability and entanglement in n qubit systems. 
where, for any integer k , K denotes 2 k .
The pair product invariance of ψ 8 , for example, is visualized in figure 1 , where the products of 
PROOF. By induction on index i.
Base case: for i = 1 , ψ N is pair product invariant ⇒ α α α α 
, so that the induction hypothesis holds for index 2
In addition, noticing that 4 K N ≤ because of k n < − 1 , the pair product invariance of ψ N , means that:
Combining these two equalities and reformulating the indices give:
From (1), and because no amplitude is zero, this can be simplified to:
For example, in the case of ψ 8 , lemma 1 distinguishes three equalities among those deducible from pair product invariance. They are pictured each with a different color in figure 2: 
∈H be a state with no zero amplitude. Then:
ψ N is fully separable ⇔ ψ N is pair product invariant PROOF. Case ⇒ : by induction on n, the number of qubits.
Base case: for n = 2 , if ψ 4 is separable, then the well known equality α α α α
which is identical to pair product invariance of ψ 4 .
Induction step: assume the ⇒ property holds for 2, 3, … n qubits. Let ψ ψ :
.. 
is independent of i and so is also β β
Case ⇐ : also by induction on n.
Base case: for n = 2 , the pair product invariance of ψ 4 is the equality α α α α applies to ψ 2N , the equality β β β β is also independent of i, which implies that ψ N is pair product invariant. Thus, by induction hypothesis, ψ N is fully separable, and so is also ψ 2N . c
GENERAL CASE
States ψ α ∈H and ψ N is a fully separable state in H N , then ψ ψ 2 ⊗ N is a fully separable state in H 2 N . The subset K N of all fully separable states in H N is defined recursively as follows: One may also notice that there are 3 n different bit strings in B 2 n .
The bit strings in B N are said to be "well-formed" because they are amplitude abstractions of fully separable states. This is the purpose of the next lemma:
PROOF. By induction on n, the number of qubits. The analysis of the situation is a little more complicated for full separability in the general case (theorem 2), i.e. when some amplitudes may be equal to zero, because, in addition to checking pair product invariance among non-zero amplitudes, it is necessary to check that ψ N is well-formed with respect to the distribution of its zero amplitudes. 
